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The occurrence of multifurcations in essentially binary trees is investigated with respect 
to two methods for testing growth models, viz. subtree partition analysis and vertex 
analysis. It is shown that under certain conditions muhifurcations may be incorporated 
in the analysis. Although the conditions are more restrictive for subtree partition analysis 
only minor loss of information occurs if forbidden multifurcations are simply ignored. 

1. Introduction. Recently we proposed a new method for the analysis of 
binary tree structures, which enabled the application of statistical tests to 
the topological properties of the structure (Verwer and Van Pelt, 1983). 
Essential to the method is a classification which is performed according to 
the partition of terminal segments over the pairs of subtrees emanating from 
the bifurcation points (Van Pelt and Verwer, 1984a). Accordingly we call the 
method subtree-partition analysis (SPA). The method is very useful in 
testing growth models since the frequencies of occurrence of the partitions 
are highly dependent on the mode of growth. The classification is only 
applicable to binary branching structures. In neurobiology dendritic arboriza- 
tions are predominantly binary, however, sometimes trifurcations occur 
(Fig. 1). For instance, Bradley and Berry (1976) reported that in normal 
Purkinje cell dendrites about 7% of the branching points consists of tri- 
furcations. When the length of the segment connecting two bifurcations is 
smaller than its diameter the actual sequence of two bifurcations cannot be 
discerned and a trifurcation is observed. Accordingly, it has been suggested 
that trifurcations occurring occasionally in essentially binary trees may be 
considered as an aggregation of two consecutive bifurcations (Shreve, 1966; 
Horsfield and Cummings, 1968; Percheron, 1979). Also another method to 
analyse topological tree structures, called vertex analysis (VA), which would 
be applicable in the presence of trifurcations was proposed (Berry and 
Flinn, 1984; Sadler and Berry, 1983). In the present paper we investigate 
how to interpret an occasional trifurcation in terms of bifurcations and the 
implications for both SPA and VA. 
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Figure 1. Illustration of a trifurcation occurring in a binary tree. 

2. Multifurcations in Topological Analysis 
2.1. Subtree-partition analysis. When the topological properties of observed 

branching patterns are investigated there are several ways in which the 
observations can be classified (Van Pelt and Verwer, 1984a). The very 
problem that arises when a multifurcation occurs is due to its interference 
with the classification of the observations as will be shown below. In Fig. 1 
a tree with a trifurcation is shown. For classification according to the degrees 
of the subtree pairs of bifurcation points we can distinguish the following 
partitions: 14(2, 12), 12(1, ll), ll(2, 9) and 4(2, 2). But we would be 
uncertain about how to classify the trifurcation 9(2, 3, 4). This trifurca- 
tion might have arisen from the aggregation of the pairs of bifurcations 
[(2, 7)(3, 4)1, [(3, 6)(2, 411 or [(4, 5)(2, 3)] and there is no way to deter- 
mine which one applies to this particular observation. Similarly, classifica- 
tion according to ambilateral type (i.e. the three-dimensional characterization 
of a tree which is invariant to internal rotations) would invoke the dilemma 
to which of the three ambilateral type numbers (1115, 1120 or 1127) the tree 
belongs (cf. Van Pelt and Verwer, 1983, 1984a). It may be noted that there 
are 2 179 different ambilateral types with 14 terminal segments. The purpose 
of classification is to enable either comparison between different groups of 
binary branching structures or testing against growth models. We have 
recently worked out a range of growth models, which includes terminal and 
segmental growth as particular cases (Van Pelt and Verwer, 1985). Charac- 
teristic of the growth models is that two kinds of segments are distinguished 
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(i.e. terminal and intermediate segments) and that all segments of a kind 
have the same probability to form a new segment. For instance, in the case 
of terminal growth all intermediate segments have probability zero and all 
terminal segments have probability l/n, if the tree has degree n, to branch. 
For this range of growth models the partition of subtrees at each bifurcation 
is completely independent of all the other partitions in the same tree. Thus, 
each partition can be considered as an independent event in the studied 
growth processes of binary trees; and the probability of a tree is given by 
the product of all partition probabilities corrected for the occurrence of 
bifurcations whose subtrees are of ‘equal degree but of unequal type’ 
(EDUT) (Van Pelt and Verwer, 1984a). Consequently, the frequencies of the 
partitions in a sample of observed binary trees form the basis for testing the 
growth hypotheses. From this point of view we could simply ignore the 
multifurcations and use only proper bifurcations. On the other hand, this 
implies that to study multifurcations we only need to consider the product 
of partition probabilities that can be formed from the subtrees involved in 
the multifurcations corrected for the occurrence of EDUT-subtrees. There- 
fore, investigation of multifurcations proceeds in the same way for both 
ambilateral types and subtree partitions. 

In Fig. 2 a tree with a trifurcation at the first branching point is shown, 
together with the schematic representation of the three possible ambilateral 

types (oil, GI, at,) that cannot be distinguished as a result of the trifurca- 
tion. Here, n denotes the degree and k, (m = 1, 2, 3) is the particular 
number in the set of nth-degree trees (Van Pelt and Verwer, 1983). The 
subtrees originating from the trifurcation have ambilateral type cy/‘l, (YQ and 
or,l with the putative corresponding complementary subtrees cxp”3, (Y~+‘s 
and Q/~:+‘z. 

In its general form the partition probability (cf. Van Pelt and Verwer, 
1985) of an nth-degree tree, with first-order subtrees of degree r and n -r, 
can be reformulated as: 

21e6r,n-r 

X 
(n - 1)’ 

Here 6,,, = 0 if x # y and 6,,, = 1 if x = y. 



308 R. W. H. VERWER AND J. VAN PELT 

Figure 2. 
presented 

Three different arrangements of subtrees that could produce the 
trifurcation when the two subsequent bifurcation-points are very 

close. Explanation is given in the text, 

When Q is in the half-open interval [0, l), then the partition probabilities 
are interpretable in terms of growth modes (Van Pelt and Verwer, 1985) 
such that different values of Q correspond to different growth modes. For 
example, for terminal growth Q = 0 while for segmental growth Q = l/2. 

The correction factor for EDUT-subtrees is 26c+r(1--6iJ) (Van Pelt and 
Verwer, 1983), where i and j are the ambilateral type numbers of the sub- 
trees of degree r and n - r respectively. The probability of the particular 
combination (r,, r2 + ra) (r2, ra) in Fig. 2. is 

G(r, n - r) = 
n(n - 1) 

2r(n - r) 
-22, 

and 
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then the products of the partition probabilities for the three situations can 
be written as: 

Prod( 1; Q> = Rrl, r2, rd [ 1 + QGtrI, r2 f rdl 11 + QGh rdl 

2 2--6,1 ,r,+r,61,,/,ar1,r~6i,,i, (24 

X 
k2 + r3 - 11 

ProW; Q> = &i, r2, rd 1 + QGtr2, rl + r3)l [ 1 + QGtr,, r3)1 

2 2-6r~,r,+r,61,,j,6r1,r,6i,,i, (2b) 

X 
(rl + r3 - 1) 

Prod(3 ; Q> = Hrl, r2, rd [ 1 + QW3, rl + r2)l 11 + QG<r,, r2)l 

2 2~r,,r,+r,6i,,i,br,,r161;,i~ (2c) 
X 

(r,+r2- 1) ’ 

In general Prod(1; Q), Prod(2; Q) and Prod(3; Q) will have different values 
for a given Q and moreover these values will change if Q is changed. Now 
suppose that for each Q (0 G Q < 1) 

Prod( 1; Q) = Prod(2; Q) = Prod(3 ; Q) (3) 

and 
Prod( 1; QJ f Prod( 1; Q2) if Q, Z Q2. 

If we evaluate equations (2a-c) it appears that only two situations corres- 
pond to relation (3). One situation is that all three subtrees are of the same 
ambilateral type and the other is that all three subtrees are of the same degree, 
but each having a different ambilateral configuration (see also Table I; sjtua- 
tions 2 and 4). In both situations the classification is the same for all three 
combinations, which enables further analysis. In principle it would also be 
possible to use any trifurcation for which the relative proportions of 
Prod(1; Q), Prod(2; Q) and Prod(3; Q) would be constant for each 
Q (0 < Q < l), i.e. 

and 

Prod( 1; Q) :Prod(2; Q) :Prod(3 ; Q) = constant (4) 

Prod(l;Q,)#Prod(l;Q,> if Qr+Q,. 

However, this has no practical significance since, apart from the special 
relation (3), the trifurcation must be divided over the three combinations 
in accordance with the relative proportions of the products of the 
partition probabilities in relation (4). For instance, suppose that we observe 
a trifurcation of which two subtrees have the same ambilateral type and the 
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third only has the same degree as the others (cf. situation 3 in Table I). 
Then, unless we have observed a multiple of five of this trifurcation we end 
up with classes containing a fractional number of observations, which is very 
uncommon in statistical practice. The alternative of lumping these classes 
not very practical either, since when a number of different trifurcations is 
observed the number of classes may be strongly reduced. If the relative 
proportions of Prod( 1; Q), Prod(2; Q) and Prod(3 ; Q) vary with different 
growth hypotheses it is completely impossible to incorporate the trifurca- 
tion in further analysis. Prior knowledge of Q would be required to classify 
such a trifurcation, which prohibits subsequent testing of the hypotheses. 
In Table I the relative proportions for the products of the partition proba- 
bilities under terminal and segmental growth have been elaborated for a 
number of distinct situations to illustrate the above arguments. Thus, in 
practice only situations 2 and 4 in Table I are useful. For multifurcations 
involving more than three subtrees the situation becomes more complicated, 
even if all subtrees are identical. Imagine a quadrifurcation with all subtrees 
having ambilateral type (QI;‘), then one group of 12 trees consists of bifurca- 
tion combination (4,12) (4,s) (4,4) and another group of three trees consists 
of bifurcation combination (8, 8) (4, 4) (4, 4). Proceeding in the same fashion 
as with equations (2a-c) it turns out that the relative proportions of the 
partition probability products still contain terms with Q. Therefore they 
vary with changing growth hypotheses and are useless in further analysis. 
However, it is clear that a multifurcation in a higher-order node will not 
affect the analysis of subtree pairs of first-order bifurcation points. If the 
data conform to one of the hypothetical growth modes defined by equa- 
tion ( 1) this also holds for higher-order branching points. Note that the 
bifurcation points before and after the multifurcation are not affected. 
Thus, all branching points not included in a multifurcation can be used for 
SPA to enlarge the number of observations. 

2.2. Vertex analysis. In vertex analysis the number of closed vertices 
(Vu) (i.e. bifurcations into two terminal segments) is divided by the number 
of half-open vertices (Vb) (i.e. bifurcations into an intermediate segment and 
a terminal segment) to provide a test value (cf. Berry and Flinn, 1984). In 
order to determine the effect of multifurcations on vertex analysis we must 
first establish some relations. Let f(m 1 a;) be the number of mth-degree 
subtrees in an ambilateral type with n terminal segments whose rank is i. 
Of course, f(m = 1 I cut> equals n, since each terminal segment is a subtree of 
degree one. It is easily verified that the number of closed vertices is identi- 
cal to the number of second-degree subtrees and therefore, 
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TABLE I 

Illustration of the Relative Proportions of the Products of the Partition 
Probabilities of Subtrees involved in a Trifurcation under Terminal and 

Segmental Growth Hypothesis for a Number of Distinct Situations 

Description of the Under terminal 
situation growth hypothesis 

Under segmental 
growth hypothesis 

All three subtrees have a 1 1 1 
different degree 1:l:l 
(II + r* f rs) rz + r3 - 1 rr + r3 - 1 rl + i-2 - 1 

All three subtrees have 
the same ambilateral type 
(rl=r2=r3;il=i2=i3) 

1 : 1 : 1 

Only two subtrees have 
same ambilateral type; 
third has same degree 
(rl = r2 = r3; il= i2 # id 

21211 

All subtrees have same degree, 
but different ambilateral type 1:l:l 
(rl =r2=~;ilfi~fi~) 

Two subtrees have same 2 2 1 
ambilateral type 
(rr = r2 f r3; il = i2) r2 + r3 - 1’rl+r3-l’rr+ra-1 

Two subtrees have same 1 1 1 
degree 
(rr = 72 f r3; il f i2) r2 + r3 - 1 * rr + rs - 1 ’ rl + r2 - 1 

One subtree has same 
ambilateral type as the 2 2 1 
combination of the two 
others r2 + r3 - 1 . rl + r3 - 1 rl + r2 - 1 
(rr + r2 = r3; i3 = j3) 

1 : 1 : 1 

2 :2: 1 

1:l:l 

2:2:1 

1:l:l 

2:2:1 

Two subtrees have same 
ambilateral type; the third 
subtree has same ambi- 4 4 1 
lateral type as the combi- 
nation of the former 

r2 + r3 - I ’ rr + rs - 1 
4:4:1 

rl + r2 - 1 

subtrees 
(rl = r2; rl + r2 = r3; 
il = i2; i3 = jJ) 
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Since each terminal segment that is not part of a pair belongs to a half- 
open vertex, the number of half-open vertices is equal to the total number 
of terminal segments minus twice the number of second-degree subtrees, 
which can be written as 

Vb = n - 2 l f(2 I ai”). 

If E(f(2 I n)} denotes the mean number of second-degree subtrees in an 
&h-degree tree 

n 

where Nz is the total number of possible ambilateral types with n terminal 
segments and p(@ ; Q) is the probability of occurrence of ambilateral type 
o$’ within the set of &h-degree trees, then the vertex ratio R = Va/Vb can 
be estimated by 

a(Q) = 
E(Va;Q> = W(2 I n); Q> 
E(Vb; Q> 12 - 2 l E{f(2 1 n>; Q, 

(6) 

(see Cochran, 1977). Computer simulations of large networks have shown 
that the vertex ratio equals 1 for terminally grown trees and 0.5 for segment- 
ally grown trees (Berry and Flinn, 1984; Sadler and Berry, 1983). To show 
that equation (6) precisely corresponds to the estimator proposed by Berry 
and coworkers we must evaluate &i(Q) for terminal (Q = 0) and segmental 
(Q = 0.5) growth respectively. Van Pelt and Verwer (1984b) have derived 
that the probability that a subtree of degree m occurs in a terminally grown 
tree of degree n is given by 

2n 
~(mln,Q=O)= 

(2n - l)(m + 1)m 

Therefore, the mean number of second-degree subtrees in a tree of degree 
n equals 

E(f(2 I n); Q = 0)) =;. (7) 

If this is substituted into equation (6) we arrive at 

n/3 
d(a=O)=n_22n,3= 1. 

For segmentally grown two-dimensional topological trees Shreve (1967) 
deduced the probability of an mth-degree subtree occurring in an nth- 
degree tree. It was proved that his formula also holds for three-dimensional 
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topological trees and reformulation (Van Pelt and Verwer, 1984b) results in 

where 

p(mIn;Q=O.5>= 
(4n-44m-2)*NF”*W,m 

(2n - 1) N,” 

1 
N,” = 

(2n - l\ 

(cf. Shreve, 1966). The mean 
mentally grown nth-degree tree 

(2n -l)\ n I 

number of second-degree subtrees 
then is 

(4n - 10)(2n - 1). 
E(f(2 I n); Q = 0.5) = 

3*(2n-5) m 

which can be rewritten as 

E(f(2 I n); Q = 0.5} = 2yFnL13)). 

in a seg- 

(8) 

Substitution into equation (6) and dividing both numerator and denomina- 
tor by E(fl2 i n); Q = 0.5} gives 

&(Q = 0..5) = ‘:n’“-i:‘- 2 -‘. 
I I 

(9) 

2(2n - 3), 4 
&I (n-l) 

it follows, that 

lim I?(Q = 0.5) = 0.5. 
n-00 

Thus, our exact expression of the vertex ratio estimate is in accordance with 
the computer simulations of Berry and coworkers (cf. Sadier and Berry, 
1983). In vertex analysis it is necessary and sufficient to determine the 
degree of observed trees, count the number of observed second-degree sub- 
trees, subsequently calculate the vertex ratio estimate and compare this with 
the expected vertex ratio values for terminal or segmental growth respec- 
tively. Consequently, trifurcations that contain two first-degree subtrees 
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impede the counting of second-degree subtrees and the tree in which they 
occur must be deleted from the analysis. In Fig. 3 a situation is presented 
in which the number of second-degree subtrees cannot be established un- 
ambiguously. This is a special case of situation 5 in Table I. It is clear that if 
one would try to complete the count of second-degree subtrees this results 
in favouring one growth model over others. Generally, each x-multifurcation 
(x > 3) that involves at least two subtrees of degree one will invalidate the 
tree that contains the multifurcation for analysis. As far as we know at 
present no growth models other than terminal and segmental growth have 
been investigated with vertex analysis. It may be noted that in vertex 
analysis trees of different degree can be analysed together. This means 
that, if the analysis is not restricted to trees of one specific degree n, subtrees 
of a tree containing a multifurcation which themselves do not contain the 
multifurcation can be treated as separate trees in the analysis. 

Terminal 4 

g- n-2 
1 

segmental 
growth 

4 1 

_ 

Figure 3. A trifurcation that cannot be included in vertex analysis. See text 
for explanation. 
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3. Conclusions. We have investigated in which way the occurrence of 
multifurcations interfered with subtree partition analysis and vertex analy- 
sis. When essentially binary trees contain occasional multifurcations, such 
that the underlying growth mechanism [defined by equation (l)] is not 
affected, all bifurcation points not included in a multifurcation can be used 
in the subtree partition analysis. If the subtrees that are involved in any 
trifurcation conform to certain constraints (cf. situations 2 and 4 in Table I), 
that trifurcation may be included in the subtree partition analysis as well. 
This requires that all subtrees of the existing trifurcations are checked. 
However, if the number of normal bifurcations in the observed sample is 
sufficiently large it seems unnecessary to invest so much effort. For vertex 
analysis the situation is different, only one possible trifurcation (see Fig. 3) 
cannot be analysed and the extra check may be worthwhile. Multifurcations 
with more than three subtrees involved cause extra complications. From our 
results it appears that attempting to reconstruct the lost arrangement of 
bifurcations may result in manipulating the data in favour of some growth 
model. However, it should be realized that in neuronal trees multifurcations 
occur infrequently. Since SPA uses all available topological information, 
loss of data due to occasional multifurcations seems of minor importance. 
Although VA uses less topological information trifurcations with precisely 
two first-degree subtrees or multifurcations with two or more first-degree 
subtrees will form only a small fraction of all possible multifurcations. 
Probably this will not cause serious problems in practice. 

We gratefully acknowledge H. M. B. Uylings for critical commenting on the 
manuscript and H. Stoffels for drawing the figures. 
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